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Abstract
With the experimental data collected by the ALICE collaboration in Pb-Pb collisions at a center-
of-mass energy per nucleon pair 2.76 TeV for six different centralities (0-5%, 5-10%, 10-20%,
20-40%, 40-60% and 60-80%), we investigate the scaling property of the pion, kaon and proton
transverse momentum (pT) spectra at these centralities. We show that in the low pT region with
pT ≤ 2.75 (3.10 and 2.35) GeV/c the pion (kaon and proton) spectra exhibit a scaling behaviour
independent of the centrality of the collisions. This scaling behaviour arises when these spectra
are presented in terms of a suitable variable, z = pT/K. The scaling parameter K is determined
by the quality factor method and is parameterized by a〈Npart〉b, where 〈Npart〉 is the average
value of the number of participating nucleons, a and b are free parameters, b characterizes the
rate at which lnK changes with ln〈Npart〉. The values of b for pions and kaons are consistent
within uncertainties, while they are smaller than that for protons. In the high pT region, due
to the suppression of the spectra, a violation of the proposed scaling is observed going from
central to peripheral collisions. The more peripheral the collisions are, the more clearly violated
the proposed scaling becomes. In the framework of the colour string percolation model, we
argue that the pions, kaons and protons originate from the fragmentation of clusters which are
formed by strings overlapping and the cluster’s fragmentation functions are different for different
hadrons. The scaling behaviour of the pion, kaon and proton spectra in the low pT region can be
simultaneously explained by the colour string percolation model in a qualitative way.
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1. Introduction
The transverse momentum (pT) spectra of final state particles play an important role in un-
derstanding the dynamics of particle production in high energy collisions. Several approaches
are utilized to search for the dynamics, one of them being the search for a scaling behaviour of
some quantities versus suitable variables.
In reference [1], the authors showed that the pion pT spectra at midrapidity in Au-Au colli-
sions with a center-of-mass energy per nucleon pair (
√
sNN) 200 GeV at the Relativistic Heavy
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Ion Collider (RHIC) presented a scaling behaviour independent of the centrality of the colli-
sions. It was exhibited when the spectra were expressed as a function of z = pT/K, where K
is the scaling parameter relying on the centrality. This scaling behaviour was extended to non-
central regions in Au-Au and d-Au collisions [2]. For protons and antiprotons, there was a similar
scaling behaviour in their spectra in Au-Au collisions at RHIC [3].
In our earlier works, we observed a scaling behaviour in the pT spectra of inclusive charged
hadrons, identified charged hadrons (pions, kaons and protons) and strange hadrons (K0
S
, Λ,
Ξ and φ) in proton-proton (pp) collisions at the Large Hadron Collider (LHC) [4, 5, 6]. This
scaling behaviour was independent of the center of mass energy (
√
s). It appeared when the
spectra were presented in terms of z = pT/K, where the scaling parameter K depends on
√
s. We
showed that the scaling behaviour in the pion, kaon, proton and the strange hadron spectra could
be explained by the colour string percolation (CSP) model. The primary collisions performed
at the LHC were pp collisions. However, in order to investigate the quark-gluon plasma (QGP),
there were also lead-lead (Pb-Pb) collisions. Recently, the ALICE collaboration at the LHC have
published data on the pion, kaon and proton pT spectra for six different centralities (0-5%, 5-
10%, 10-20%, 20-40%, 40-60% and 60-80%) in Pb-Pb collisions at
√
sNN = 2.76 TeV [7]. The
center-of-mass energy per nucleon pair of Pb-Pb collisions at the LHC is much larger than that of
Au-Au collisions at RHIC. As the scaling behaviour independent of the centrality of collisions
was observed in the pion and proton pT spectra in Au-Au collisions at
√
sNN = 200 GeV, it
is interesting to check whether a similar scaling behaviour is exhibited in the pion, kaon and
proton pT spectra in Pb-Pb collisions at
√
sNN = 2.76 TeV. If the scaling behaviour exists, then
one would like to ask two questions: (1) Can the CSP model utilized for the explanation of the
scaling behaviour in pp collisions be adopted to explain the scaling behaviour of the pion, kaon
and proton spectra in Pb-Pb collisions? (2) Is the dependence of the scaling parameter K on
centralities of the pion, kaon and proton spectra in Pb-Pb collisions the same as that in Au-Au
collisions?
The organization of this paper is as follows. In section 2, we will illustrate the method
to search for the scaling behaviour in the pion, kaon and proton pT spectra. In section 3, we
will present the scaling behaviour. In section 4, we will discuss the scaling behaviour in the
framework of the CSP model. The conclusion is drawn in section 5.
2. Method to search for the scaling behaviour
As done in reference [3], we will search for the scaling behaviour in the pion, kaon and proton
pT spectra at different centralities through the following steps. Let us take the pion pT spectra
as an example. First, we define a scaling variable, z = pT/K, and a scaled pT spectrum, Φ(z) =
A(〈Npart〉2pipT)−1d2N/dpTdy|pT=Kz. Here y is the rapidity of pions, 〈Npart〉 is the average value of
the number of participating nucleons, (〈Npart〉2pipT)−1d2N/dpTdy is the invariant yield of pions
per participating nucleon. By choosing proper scaling parameters K and A that depend on the
centrality, we try to coalesce the data points at different centralities in Pb-Pb collisions at
√
sNN =
2.76 TeV into one curve. As a convention, K and A at the most central collisions (0-5%) are set to
be 1. With this choice,Φ(z) is nothing but the pT spectrum at this centrality. K and A at other five
centralities (5-10%, 10-20%, 20-40%, 40-60% and 60-80%) will be determined by the quality
factor (QF) method [8, 9]. Obviously, the scaling functionΦ(z) relies on the choice of K and A at
the most central collisions. The arbitrariness of Φ(z) can be removed if the spectra are expressed
in terms of u = z/〈z〉 = pT/〈pT〉. Here 〈z〉 =
∫ ∞
0
zΦ(z)zdz
/ ∫ ∞
0
Φ(z)zdz. The corresponding
2
normalized scaling function is Ψ(u) = 〈z〉2Φ(〈z〉u)
/ ∫ ∞
0
Φ(z)zdz. With Ψ(u), the spectra at other
five centralities can be parameterized as f (pT) = 〈Npart〉/(A〈z〉2)
∫ ∞
0
Φ(z)zdzΨ (pT/(K〈z〉)), where
K and A are the scaling parameters at these centralities. The methods to search for the scaling
behaviour of the kaon and proton spectra are identical to that for the pion spectra.
3. Scaling behaviour of the pion, kaon and proton pT spectra
As described in section 1, the pion, kaon and proton pT spectra for six different centralities
covering 0-80% in Pb-Pb collisions at
√
sNN = 2.76 TeV were published by the ALICE collabo-
ration in reference [7]. Here the pion, kaon and proton pT spectra refer to the spectra of pi
+ + pi−,
K+ + K− and p + p¯ per participating nucleon. The average value of the number of participating
nucleons (〈Npart〉) for each centrality is taken from reference [10]. As the parameters K and A
at the 0-5% centrality are set as 1, the scaling function Φ(z) is exactly the pT spectrum of pions,
kaons or protons at this centrality. In reference [11], the authors argued the charged hadrons
produced in Pb-Pb collisions stem either from QGP or from jets. The hadron yield from QGP is
referred to as the soft yield, while the yield from jets is referred to as the hard yield. Both the
soft and hard yields are assumed to be Tsallis distributions [12]. The charged hadron spectra in
Pb-Pb collisions then can be expressed using the double-Tsallis formula:
E
d3N
dp3
= C1
(
1 +
ET
n1T1
)−n1
+C2
(
1 +
ET
n2T2
)−n2
, (1)
where C1, n1, T1, C2, n2 and T2 are free parameters, ET = mT − m =
√
m2 + p2
T
− m, m is the
charged hadron mass. The first Tsallis distribution represents the soft yield, while the second
Tsallis distribution represents the hard yield. We find that the formula in equation (1) is able
to describe the pion and kaon spectra, but fails to depict the proton spectra in Pb-Pb collisions.
In order to describe the pion, kaon and proton spectra at the same time, as done in reference
[13], we take the transverse flow of particles in a co-moving system into account and modify the
first Tsallis distribution in equation (1) as h(pT) = C1 (1 + (γ(mT − βpT) − m)/(n1T1))−n1 , where
γ = 1/
√
1 − β2 is the Lorentz factor and β is the average transverse velocity of the system. Here
we fix β to 0.651, which is the average value of the transverse flow velocity returned by the
combined blast-wave fit to the pion, kaon and proton spectra at the 0-5% centrality in the ranges
0.5-1 GeV/c, 0.2-1.5 GeV/c and 0.3-3 GeV/c respectively [14]. With the modified double-Tsallis
distribution, the scaling function Φ(z) can be parameterized as
Φ(z) = C1
1 + γ(
√
m2 + z2 − βz) − m
n1T1

−n1
+C2
1 +
√
m2 + z2 − m
n2T2

−n2
. (2)
The free parameters C1, n1, T1, C2, n2 and T2 are determined by fitting equation (2) to the pion,
kaon and proton pT spectra at the 0-5% centrality separately with the least χ
2s method. The
statistical and systematic uncertainties of the data points have been added in quadrature in the
fits. Table 1 lists the parameters C1, n1, T1, C2, n2, T2 and their uncertainties returned by the fits.
The last line of this table shows the χ2s per degrees of freedom (dof), named reduced χ2s, for
these fits. As the systematic uncertainties in the data points are correlated and relatively large,
the reduced χ2s for the fits on the pion, kaon and proton spectra are relatively low. For protons,
the value of n1 (9.7×104) returned from the fit is very large. As described in reference [15], when
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n1 tends to be infinity, h(pT) tends to be an exponential distribution, h(pT) = C1 exp(−(γ(mT −
βpT) − m)/T1). Thus we set n1 to be infinity and redo the fit to the proton spectrum at the 0-5%
centrality. The fit parameters are listed in the fourth column of table 1.
Table 1: C1, n1, T1, C2, n2 and T2 of Φ(z) for pions, kaons and protons. The uncertainties quoted are due to the statistical
plus systematic errors of the data points added in quadrature. The last line shows the reduced χ2s for the fits on the pion,
kaon and proton pT spectra at the 0-5% centrality in Pb-Pb collisions at
√
sNN = 2.76 TeV.
Pions Kaons Protons
C1 1.93±0.03 0.106±0.002 0.0144±0.0002
n1 21.2±0.4 27.20±2.15 ∞
T1 0.1206±0.0006 0.142±0.002 0.182±0.001
C2 9.1±0.1 0.200±0.009 0.015±0.001
n2 5.83±0.02 5.64±0.07 7.7±0.3
T2 0.0889±0.0007 0.142±0.003 0.26±0.01
χ2/dof 1.43/57 6.84/52 13.33/44
As described in section 2, K and A at 5-10%, 10-20%, 20-40%, 40-60% and 60-80% cen-
tralities will be determined by the QF method. With this method, the dependence of K and A on
the shape of the scaling function will be eliminated. Thus, compared with the method utilized
in references [3, 4], the QF method is more robust. Given a set of data points (ρi, τi), where
ρi = pi
T
/K and τi = log(A(〈Npart〉2pipiT)−1d2Ni/dpiTdyi), the QF is defined as follows [8, 9]
QF(K, A) =

n∑
i=2
(τi − τi−1)2
(ρi − ρi−1)2 + 1/n2

−1
, (3)
where n is the number of data points and 1/n2 is utilized to keep the sum finite when two points
have the same ρ value. Before entering the QF, ρi are ordered, τi are rescaled so that they are
in the range between 0 and 1. It is obvious that a large contribution to the sum in the QF is
given if two successive data points are close in ρ and far in τ. Therefore, a set of data points are
expected to lie close to a single curve if they have a small sum (a large QF) in equation (3). The
best set of (K, A) at the 5-10% (10-20%, 20-40%, 40-60% and 60-80%) centrality is chosen to
be the one which globally maximizes the QF of data points at 5-10% (10-20%, 20-40%, 40-60%
and 60-80%) and 0-5% centralities. Table 2 tabulates K and A for the pion, kaon and proton pT
spectra at 5-10%, 10-20%, 20-40%, 40-60% and 60-80% centralities. Also presented in the table
are the maximum quality factors (QFmax). Here we have set the K values at these centralities to
be less than 1. The reason is as follows. If the scaling behaviour in the pion, kaon and proton
pT spectra exist, then the values of 〈z〉 at different centralities are the same. Since K = 〈pT〉/〈z〉,
K should be proportional to the mean pT. As shown in reference [14], the more central the
collisions are, the larger the 〈pT〉 is. Thus the K values at 5-10%, 10-20%, 20-40%, 40-60% and
60-80% centralities are smaller than the value at the 0-5% centrality.
In order to evaluate the uncertainties of K and A, we adopt the method in reference [8].
Taking the determination of the K and A errors for the pion spectrum at the 5-10% centrality
as an example, in figure 1 we plot the QF as a function of K (A) with A (K) fixed to the value
1.03 (0.99) returned by the QF method. The peak value with QF > (QFmax − 0.01) shows a
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good scaling and we make a Gaussian fit to this bump. The standard deviation of the Gaussian
fit, σK(A), is taken as the uncertainty of K (A) for the pion spectrum at the 5-10% centrality.
The mean value of the Gaussian fit, µK(A), is consistent with the value of K (A) returned by the
QF method, thus the method to determine the errors of K and A is robust. The K and A errors
for the pion, kaon and proton spectra at 10-20%, 20-40%, 40-60% and 60-80% centralities are
determined by making Gaussian fits to their QF peaks with QF > (QFmax − 0.01).
Table 2: K and A for the pion, kaon and proton spectra at 5-10%, 10-20%, 20-40%, 40-60% and 60-80% centralities.
The QFmax is shown in the last column of the table. The standard deviations of the Gaussian fits to the peaks of the QF
scatter plots are taken as the uncertainties of K and A at these centralities.
Centrality K A QFmax
5-10% 0.99±0.01 1.03±0.03 0.44
10-20% 0.99±0.01 1.08±0.05 0.35
Pions 20-40% 0.98±0.01 1.16±0.07 0.26
40-60% 0.98±0.01 1.26±0.10 0.16
60-80% 0.96±0.03 1.39±0.14 0.09
5-10% 0.99±0.01 1.02±0.04 0.85
10-20% 0.98±0.01 1.06±0.05 0.61
Kaons 20-40% 0.98±0.01 1.11±0.08 0.40
40-60% 0.96±0.02 1.21±0.10 0.23
60-80% 0.96±0.02 1.62±0.21 0.09
5-10% 0.99±0.01 1.03±0.03 2.20
10-20% 0.98±0.01 1.04±0.04 1.71
Protons 20-40% 0.94±0.01 0.99±0.05 0.74
40-60% 0.86±0.02 0.88±0.08 0.24
60-80% 0.751±0.004 0.75±0.11 0.12
K
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Figure 1: The left (right) panel: QF versus K (A) for the pion spectrum at the 0-5% centrality, with A (K) fixed to 1.03
(0.99). The black solid curve is the QF scatter plot, the red dash curve is the Gaussian fit of the peak with QF > 0.43.
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With K and A in table 2, now we try to put the pion pT spectra at 5-10%, 10-20%, 20-40%,
40-60% and 60-80% centralities to the spectrum at the 0-5% centrality. As shown in the upper
panel of figure 2, on a log scale most of the data points at different centralities appear consistent
with the universal curve described by the scaling functionΦ(z) in equation (2) with parameters in
the second column of table 1. In order to see the agreement between the experimental data and the
fitted curve, we define a ratio R = (data−fitted)/data and plot the R distributions for the spectra at
0-5%, 5-10% and 10-20% (20-40%, 40-60% and 60-80%) centralities in the middle (lower) panel
of this figure. The error bars represent the uncertainties of R, ∆R = (fitted/data)(∆data/data),
where ∆data is the total uncertainty of the data point. For the spectra at 0-5% and 5-10% central-
ities, all the data points have R values from -0.2 to 0.2. For the spectra at the 10-20%, 20-40%
and 40-60% centralities, the data points in the regions with z ≤ 3.74, 2.80 and 2.92 (pT ≤ 3.70,
2.75 and 2.85) GeV/c have absolute R values less than 0.2. Thus, in the region with z ≤ 2.80
(pT ≤ 2.75) GeV/c, all the data points at the first five centrality bins agree with the fitted curve
within 20%. However, in this region, for the spectrum at the 60-80% centrality there are some
data points with 0.70 ≤ z ≤ 1.61 GeV/c differing significantly from the fitted curve. In order
to improve this agreement, we apply the cut pT ≤ 2.75 GeV/c to the spectra at the 0-5% and
60-80% centralities and utilize the QF method to determine a new set of (K, A). It is (0.90±0.01,
1.27±0.13). With this new set of (K, A), we try to rescale the whole pT spectrum at the 60-80%
centrality in figure 2. The R distribution (marked as the diamond symbol) is shown in the lower
panel of this figure. From this distribution we see that in the range with z ≤ 2.80 GeV/c, except
for the last four points, all the other data points at the 60-80% centrality agree with the fitted
curve within 20%.
Φ
(z
)
10-8
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102
Pions
0− 5%
5− 10%
10− 20%
20− 40%
40− 60%
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60− 80% w/ pT cut
Tsallis fit
R
-0.4
-0.2
0
0.2
0.4
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R
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-0.2
0
0.2
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Figure 2: The upper panel: the scaling behaviour in the pion pT spectra presented in z at 0-5%, 5-10%, 10-20%, 20-40%,
40-60% and 60-80% centralities. The black curve is described by equation (2) with parameters in the second column of
table 1. The data points are taken from reference [7]. The middle (lower) panel: the R distributions at 0-5%, 5-10% and
10-20% (20-40%, 40-60% and 60-80%) centralities.
In figure 3, we present the scaling behaviour of the kaon spectra at different centralities.
For the spectra at 0-5%, 5-10% and 10-20% centralities, except for the last point at the 5-10%
centrality and few points with 3.76 ≤ z ≤ 14.73 GeV/c at the 10-20% centrality, all the other data
points are consistent with the fitted curve within 20%. For the spectrum at the 20-40% centrality,
all the data points in the range with z ≤ 3.17 (pT ≤ 3.10) GeV/c agree with the fitted curve
within 20%. For the spectrum at the 40-60% centrality, except for three points with z =1.19,
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1.30 and 1.40 GeV/c, all the other data points in the range with z ≤ 3.22 (pT ≤ 3.10) GeV/c have
absolute R values less than 0.2. Thus, in the region with z ≤ 3.17 (pT ≤ 3.10) GeV/c, almost
all the data points at the first five centralities agree with the fitted curve within 20%. However,
in this region, for the spectrum at the 60-80% centrality, there are a few points with z ≤ 0.39
GeV/c and 0.96 ≤ z ≤ 2.03 GeV/c having absolute R values greater than 0.2. In order to improve
the agreement between the data points at this centrality and the fitted curve, we apply the cut
pT ≤ 3.10 GeV/c to the spectra at the 0-5% and 60-80% centralities and utilize the QF method
to determine a new set of (K, A). It is (0.91±0.01, 1.42±0.16). With this new set of (K, A), we
try to re-shift the whole pT spectrum at the 60-80% centrality to the spectrum at the 0-5% in
figure 3. The R distribution (marked as the diamond symbol) is shown in the lower panel of this
figure. From this distribution we see that in the range with z ≤ 3.17 GeV/c, except for the last
four points and the points with z = 0.25, 1.27, 1.38 and 1.49 GeV/c, all the other data points at
the 60-80% centrality agree with the fitted curve within 20%.
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Figure 3: The upper panel: the scaling behaviour in the kaon pT spectra presented in z at 0-5%, 5-10%, 10-20%, 20-40%,
40-60% and 60-80% centralities. The black curve is described by equation (2) with parameters in the third column of
table 1. The data points are taken from reference [7]. The middle (lower) panel: the R distributions at 0-5%, 5-10% and
10-20% (20-40%, 40-60% and 60-80%) centralities.
The scaling behaviour of the proton spectra is shown in figure 4. For the spectrum at 0-5%
centrality, except for the last point, all the other data points have absolute values of R less than
0.2. For the spectra at 5-10%, 10-20%, 20-40% and 40-60% centralities, the data points in the
regions with z ≤ 5.31, 4.85, 3.74 and 3.21(pT ≤ 5.25, 4.75, 3.50 and 2.75) GeV/c are consistent
with the fitted curve within 20%. For the spectrum at the 60-80% centrality, except for two points
at z = 1.53 and 1.66 GeV/c, all the other data points have absolute R values smaller than 0.2 in
the range with z ≤ 3.13 (pT ≤ 2.35) GeV/c. Thus, in the region with z ≤ 3.13 (pT ≤ 2.35) GeV/c,
almost all the data points at each centrality agree with the fitted curve within 20%.
So far, we have seen that the pion, kaon and proton spectra at all centralities exhibit a scaling
behaviour in the low pT regions with z ≤ 2.80, 3.17 and 3.13 (pT ≤ 2.75, 3.10 and 2.35) GeV/c.
In these regions, almost all the data points agree with the fitted curves within 20%. Outside
these regions, as the deviations between the data points and the fitted curve are larger than the
experimental uncertainties, a violation of the proposed scaling is observed going form central
to peripheral collisions. The more peripheral the collisions are, the more clearly violated the
proposed scaling becomes. This is due to reason that there is a suppression of the spectra in the
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large pT region. The more central the collisions are, the larger the suppression is [16].
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Figure 4: Upper panel: the scaling behaviour in the proton pT spectra presented in z at 0-5%, 5-10%, 10-20%, 20-40%,
40-60% and 60-80% centralities. The black curve is described by equation (2) with parameters listed in the fourth column
of table 1. The data points are taken from reference [7]. The middle (lower) panel: the R distributions at 0-5%, 5-10%
and 10-20% (20-40%, 40-60% and 60-80%) centralities.
As described in the first paragraph of this section, the scaling function Φ(z) could be written
as the modified double-Tsallis distribution with the transverse flow velocity taken into accounted
in equation (2) phenomenologically. As shown in reference [14], the transverse velocity extracted
from the combined blast-wave fit to the pion, kaon and proton spectra depends on the centrality.
In this work, the conclusion drawn from the scaling behaviour of the pion, kaon and proton
spectra is that the transverse velocities of the scaled (not the original) spectra in the low pT
region at the 5-10%, 10-20%, 20-40%, 40-60% and 60-80% centralities are the same as the one
at the 0-5% centrality. Thus this conclusion is not in contradiction with the result from reference
[14]. Since the scaling function Φ(z) relies on the choice of K and A at the 0-5% centrality. In
order to eliminate this reliance, we replace z with another scaling variable u = z/〈z〉. The 〈z〉
values for the pion, kaon and proton pT spectra are 0.52 ± 0.02, 0.88 ± 0.03 and 1.35 ± 0.03
GeV/c. With the substitution of 〈z〉 and Φ(z) into Ψ(u), the normalized scaling function can be
written as
Ψ(u) = C′1
1 + γ(
√
m′2 + u2 − βu) − m′
n1T
′
1

−n1
+ C′2
1 +
√
m′2 + u2 − m′
n2T
′
2

−n2
, (4)
where C′
1,2
= 〈z〉2C1,2/
∫ ∞
0
Φ(z)zdz, T ′
1,2
= T1,2/〈z〉 and m′ = m/〈z〉. Table 3 lists their values.
With Ψ(u), the pion, kaon and proton spectra at 5-10%, 10-20%, 20-40%, 40-60% and 60-80%
centralities are parameterized as f (pT) = 〈Npart〉/(A〈z〉2)
∫ ∞
0
Φ(z)zdzΨ (pT/(K〈z〉)), where K and
A are the scaling parameters at these centralities. In reference [7], the ALICE collaboration have
presented the kaon to pion ratio ((K++K−)/(pi++pi−)) and the proton to pion ratio ((p+ p¯)/(pi++
pi−)) as a function of pT at different centralities. Here in figure 5 we show in the low pT region the
(K+ + K−)/(pi+ + pi−) ((p + p¯)/(pi+ + pi−)) distributions at 5-10%, 10-20%, 20-40%, 40-60% and
60-80% centralities are well described by fK++K− (pT)/ fpi++pi− (pT) ( fp+p¯(pT)/ fpi++pi− (pT)). This
agreement is a definite indication that the scaling behaviour exists in the low pT region of the
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spectra. In the high pT region, due to the violation of the scaling, there is an obvious deviation
of fK++K− (pT)/ fpi++pi− (pT) ( fp+p¯(pT)/ fpi++pi− (pT)) from the data points at peripheral collisions.
Table 3: C′
1
, T ′
1
, C′
2
, T ′
2
and m
′
of the normalized scaling functions Ψ(u) for the pion, kaon and proton spectra. The
uncertainties quoted are due to the error of C1, n1, T1, C2 , n2 and T2 in table 1.
Pions Kaons Protons
C
′
1
0.83±0.07 0.90±0.06 0.95±0.04
T
′
1
0.234±0.009 0.161±0.006 0.134±0.003
C
′
2
3.934±0.3 1.702±0.1 0.960±0.08
T
′
2
0.172±0.007 0.162±0.007 0.19±0.01
m
′
0.271±0.005 0.56±0.02 0.69±0.02
(K
+
+
K
−
)/
(pi
+
+
pi
−
)
0
0.5
1
0− 5%
fK++K−(pT)/fpi++pi−(pT)
0
0.5
1
20− 40%
fK++K−(pT)/fpi++pi−(pT)
(p
+
p¯
)/
(pi
+
+
pi
−
)
0
0.5
1
0− 5%
fp+p¯(pT)/fpi++pi−(pT)
0 2 4 6 8 1012141618
0
0.5
1
20− 40%
fp+p¯(pT)/fpi++pi−(pT)
5− 10%
fK++K−(pT)/fpi++pi−(pT)
40− 60%
fK++K−(pT)/fpi++pi−(pT)
5− 10%
fp+p¯(pT)/fpi++pi−(pT)
pT(GeV/c)
0 2 4 6 8 1012141618
40− 60%
fp+p¯(pT)/fpi++pi−(pT)
10− 20%
fK++K−(pT)/fpi++pi−(pT)
60− 80%
fK++K−(pT)/fpi++pi−(pT)
10− 20%
fp+p¯(pT)/fpi++pi−(pT)
0 2 4 6 8 1012141618
60− 80%
fp+p¯(pT)/fpi++pi−(pT)
Figure 5: The panels in the top (bottom) two rows: (K+ + K−)/(pi+ + pi−) ((p + p¯)/(pi+ + pi−)) distributions at 0-
5%, 5-10%, 10-20%, 20-40%, 40-60% and 60-80% centralities. The green curves are fK++K− (pT)/ fpi++pi− (pT) and
fp+ p¯(pT)/ fpi++pi− (pT) at these centralities. The data points are taken from reference [7].
4. Discussions
In section 3, we have presented that in the low pT regions with z ≤ 2.80, 3.17 and 3.13 (pT ≤
2.75, 3.10 and 2.35) GeV/c the pion, kaon and proton spectra exhibit a scaling behaviour which
is independent of the centrality. In this section, we would like to discuss this scaling behaviour
in the framework of CSP model [17, 18].
In this model, colour strings are stretched between the partons of the projectile and target in
Pb-Pb collisions. These strings will decay into new ones with the emission of qq¯ pairs. Charged
hadrons such as pions, kaons and protons are produced by the hadronization of these new strings.
In the transverse plane, the colour strings look like discs with areas of S 1 = pir
2
0
, where r0 ≈ 0.2
fm. As described in reference [17], when the centrality increases, the number of strings grows.
They start to overlap with each other, which leads to the formation of clusters. The average p2
T
,
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〈p2
T
〉n, of charged pions, kaons and protons produced by a cluster with n (n > 1) strings is given
by 〈p2
T
〉n =
√
nS 1/S n〈p2T〉1, where 〈p2T〉1 is the mean p2T of charged hadrons produced by a single
string, S n is the transverse area of the cluster and nS 1/S n is the degree of string overlap. For the
case where strings just get in touch with each other, S n = nS 1, nS 1/S n = 1 and 〈p2T〉n = 〈p2T〉1,
which means that n strings fragment into charged hadrons independently. For the case where
strings maximally overlap with each other, S n = S 1, nS 1/S n = n and 〈p2T〉n =
√
n〈p2
T
〉1, which
means that due to the percolation the 〈p2
T
〉 is maximally enhanced.
The pT spectra of charged hadrons produced in Pb-Pb collisions can be expressed as a su-
perposition of the pT spectra produced by each cluster, g(x, pT), weighted with the cluster’s size
distribution, W(x),
d2N
2pipTdpTdy
= C
∫ 1/p2
T
0
W(x)g(x, pT)dx, (5)
where C is a normalization constant referring to the total number of clusters formed for charged
hadrons before hadronization. For the cluster’s size distribution W(x), it is chosen to be the
gamma distribution,
W(x) =
ζ
Γ(κ)
(ζx)κ−1exp(−ζx), (6)
where x = 1/〈p2
T
〉n, κ and ζ are free parameters. κ is related to the dispersion of the size dis-
tribution, 1/κ = (〈x2〉 − 〈x〉2)/〈x〉2. ζ is related to the mean x, 〈x〉 = κ/ζ. For the cluster’s
fragmentation function g(x, pT), as done in reference [19], we assume it is analogous to the usual
fragmentation functions from hard partons to hadrons. Thus it is written as [20]
g(x, pT) = Dξ
α(1 − ξ)η(1 + ξ)θ, (7)
where ξ = pT
√
x is the fraction of the transverse momentum of the produced hadron relative
to that of a cluster whose size is x, D, α, η and θ are free parameters. In the real fitting, the
parameter C in equation (5) and D in equation (7) always appear as a product, thus D can be
absorbed into C. As the fraction of transverse momentum carried by the charged hadron can not
be larger than 1, the upper limit of the integration in equation (5) is set to be 1/p2
T
, rather than
infinity. For different charged hadrons, g(x, pT) should be different, since they are produced from
different fragmentation channels of the clusters. However, g(x, pT) should be the same for the
same charged hadrons produced from clusters with different sizes x. In our work, it means that
g(x, pT) is universal for all the centralities of the collisions.
As described in section 3, the scaling functionsΦ(z) are exactly the pion, kaon and proton pT
spectra at the 0-5% centrality. In order to see whether the CSP model can describe these scaling
functions in the region where the scaling behaviour is exhibited, we attempt to fit equation (5) to
the pion, kaon and proton spectra at the 0-5% centrality in the low pT regions with pT ≤ 2.75,
3.10 and 2.35 GeV/c. For the kaon and proton spectra, in order to make the fits on them stable,
we set the parameter θ in g(x, pT) to be 0. The parametersC, ζ, κ, α, η and θ are tabulated in table
4. From the table, we see that for different charged hadrons the cluster’s fragmentation functions
g(x, pT) are indeed different. As the systematic uncertainties of the data points are correlated and
relatively large, the reduced χ2s of the fits are rather low. The fit results are presented in the upper
panel of figure 6. Almost all the data points are consistent with the CSP fits within uncertainties,
which can be seen from the R distributions in the lower panel of this figure. Therefore, the scaling
functions of the charged hadrons in the low pT regions can be described by the CSP model.
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Now we would like to check whether the CSP model can describe the scaling property of
the charged hadron pT spectra. Under the transformation x → x′ = λx, ζ → ζ′ = ζ/λ and
pT → p′T = pT/
√
λ, it is obvious that bothW(x) and g(x, pT) are invariant. Here λ = 〈S n/nS 1〉1/2,
where the average is taken over all the clusters decaying into charged hadrons [18]. As a result,
the pT distribution in equation (5) is also invariant within a constant. This invariance is exactly
the scaling behaviour we are looking for. Comparing the p′
T
transformation in the CSP model
p′
T
→ p′
T
√
λ with the one used to search for the scaling behaviour pT → pT/K, we deduce that
K is proportional to 1/
√
λ, which is equal to 〈nS 1/S n〉1/4. Since the degree of string overlap
nS 1/S n grows with centralities nonlinearly [17], the scaling parameter K should also increase
with centralities in a nonlinear trend. That’s indeed what we observed for the charged hadrons
in table 2. Therefore the CSP model can qualitatively explain the scaling behaviour for the pion,
kaon and proton spectra separately.
Table 4: C, ζ, κ, α, η and θ of the CSP fits on the pion, kaon and proton spectra at the 0-5% centrality. The uncertainties
quoted are due to the square root of the sum of the statistical and systematic uncertainties of the data points. The last line
shows the reduced χ2s for the fits.
Pions Kaons Protons
C 10.66±1.34 0.73±0.24 0.045±0.006
ζ 8.26±0.60 21.86±5.78 21.99±3.95
κ 3.89±0.04 4.10±0.14 4.33±0.33
α -0.14±0.04 0.29±0.11 0.22±0.06
η 0.33±0.10 4.63±1.07 1.48±0.23
θ -8.64±0.22 0 (fixed) 0 (fixed)
χ2/dof 0.41/33 5.29/32 0.72/23
Φ
(z
)
10-4
10-3
10-2
10-1
100
101
102
CSP fit 0-5%
Pions
Kaons
Protons
z(GeV/c)10
-1 100
R
-0.3
-0.2
-0.1
0
0.1
0.2
Figure 6: Upper panel: the CSP fit to the charged pion, kaon and proton spectra at the 0-5% centrality in the low pT
regions pT ≤ 2.75, 3.10 and 2.35 GeV/c. The data points are taken from reference [7]. Lower panel: the R distributions.
But can the CSP model describe the scaling behaviour of the charged hadron pT spectra
at the same time? The answer relies on the nonlinear trend with which the scaling parameter
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K increases with centralities. In order to determine this trend, we fit the K values for pions,
kaons and protons at different centralities with a function K = a〈Npart〉b, where a and b are
free parameters, and b characterizes the rate at which lnK increases with ln〈Npart〉. a, b and the
reduced χ2s are tabulated in table 5. The values of b for pions and kaons are consistent within
uncertainties, while they are smaller than that for protons. This could also be explained by the
CSP model. As described in section 3, the scaling parameter K is proportional to 〈pT〉. Thus the
ratio between the values of K at non-central (5-10%, 10-20%, 20-40%, 40-60% and 60-80%) and
central (0-5%) collisions should be equal to the ratio between the values of 〈pT〉 at non-central
and central collisions. In the CSP model, the mean pT value is determined as
〈pT〉 =
∫ 1/p2
T
0
∫ ∞
0
W(x)g(x, pT)p
2
T
dxdpT∫ 1/p2
T
0
∫ ∞
0
W(x)g(x, pT)pTdxdpT
. (8)
With the substitution of W(x) in equation (6) and g(x, pT) in equation (7) into the above equation,
we get
〈pT〉 =
√
ζ(α + 2)2F1(α + 3,−θ;α + η + 4;−1)Γ(κ − 3/2)
(α + η + 3)2F1(α + 2,−θ;α + η + 3;−1)Γ(κ − 1)
, (9)
where 2F1 is the hypergeometric function. Since the cluster’s fragmentation function g(x, pT)
is universal for a species of particles at different centralities, the parameters α, η and θ are the
same for pions (kaons or protons) at these centralities. Thus the ratio between the values of
〈pT〉 at non-central and central collisions depends on ζ and κ. In order to determine these two
parameters at non-central collisions, we fit the pion, kaon and proton spectra in the regions with
pT ≤ 2.75, 3.10 and 2.35 GeV/c at these centralities to equation (5) with α, η and θ fixed to their
center values in table 4. ζ and κ returned from the fits are tabulated in table 6. The uncertainties
quoted are determined by adding the errors returned by the fits and the errors originating from
the variation of the α, η and θ values in turn by ±1σ in the fits in quadrature. With these ζ
and κ values, we can calculate the ratios between the values of 〈pT〉 at non-central and central
collisions. They are listed in table 7. Comparing these ratios with the scaling parameters K at
non-central collisions in table 2 1, we find they are consistent within uncertainties. Therefore, the
CSP model can also simultaneously explain the scaling behaviour of the pion, kaon and proton
spectra in a quantitative way.
Table 5: a and b returned by the fits on the scaling parameters K of the pion, kaon and proton (pion and proton) spectra
in Pb-Pb (Au-Au) collisions at different centralities. The uncertainties are due to the errors of K. The last column shows
the reduced χ2s of the fits.
a b χ2/dof
Pions(Pb-Pb) 0.85±0.03 0.028±0.008 7.35/4
Kaons(Pb-Pb) 0.83±0.03 0.031±0.007 2.24/4
Protons(Pb-Pb) 0.562±0.029 0.099±0.010 2.73/4
Pions(Au-Au) 0.962±0.007 0.004±0.002 0.07/3
Protons(Au-Au) 0.856±0.027 0.025±0.007 0.72/3
1After applying the cut pT ≤ 2.75 (3.10) GeV/c to the pion (kaon) spectrum at the 60-80% centrality, the parameters
K and A for pions (kaons) at this centrality are determined to be 0.90±0.01 and 1.27±0.13 (0.91±0.01 and 1.42±0.16).
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Table 6: ζ and κ of the CSP fits on the pion, kaon and proton spectra at non-central collisions. The uncertainties quoted
are determined by adding the errors returned by the fits and the errors originating from the variation of the α, η and θ
values in turn by ±1σ in the fits in quadrature. The last column shows the reduced χ2s for the fits.
Centrality ζ κ χ2/dof
5-10% 7.90±0.99 3.79±0.11 0.71/36
10-20% 7.66±1.01 3.72±0.12 1.06/36
Pions 20-40% 6.85±0.80 3.54±0.09 0.93/36
40-60% 5.17±0.60 3.22±0.07 1.80/36
60-80% 3.78±0.42 2.95±0.05 3.84/36
5-10% 20.91±8.79 3.98±0.31 7.68/34
10-20% 19.17±8.40 3.81±0.28 5.56/34
Kaons 20-40% 16.39±7.13 3.57±0.25 7.77/34
40-60% 11.83±5.24 3.19±0.21 6.52/34
60-80% 8.46±3.50 2.89±0.15 11.60/34
5-10% 21.63±8.29 4.35±0.83 1.26/25
10-20% 19.25±6.38 4.07±0.62 2.01/25
Protons 20-40% 17.78±3.70 4.12±0.37 2.40/25
40-60% 10.79±2.24 3.39±0.22 2.91/25
60-80% 6.75±1.22 3.02±0.14 3.37/25
Table 7: The ratios between the values of 〈pT〉 at non-central and central collisions for pions, kaons and protons. The
uncertainties quoted are due to the errors of ζ and κ.
Centrality Pions Kaons Protons
5-10% 1.00±0.08 1.00±0.26 0.99±0.27
10-20% 1.00±0.08 1.00±0.27 0.99±0.24
20-40% 0.99±0.07 0.98±0.26 0.94±0.16
40-60% 0.95±0.07 0.93±0.25 0.88±0.14
60-80% 0.90±0.06 0.88±0.23 0.78±0.12
Finally, we would like to see whether the centrality dependence of the scaling parameter K
for pions and protons in Pb-Pb collisions is the same as that in Au-Au collisions. In reference
[1], it presented the centrality dependence of the scaling parameter K for neutral pions in Au-
Au collisions at 200 GeV. In reference [3], it showed the centrality dependence of the scaling
parameter K for protons and antiprotons in Au-Au collisions at 200 GeV separately. So far, there
is no information about the centrality dependence of the scaling parameter K for charged pions
(pi+ + pi−) and protons (p + p¯). Thus, in this work, in order to do the comparison, we utilize the
data in reference [21] and follow the procedure in section 2 to search for the scaling parameters K
for charged pions and protons at non-central collisions (10-20%, 20-40%, 40-60% and 60-80%).
The scaling parameter K at central collisions (0-12%) has been set to be 1. With the QF method
in section 3, the scaling parameters K for charged pions (protons) at 10-20%, 20-40%, 40-60%
and 60-80% centralities in Au-Au collisions are 0.980±0.023, 0.979±0.015, 0.975±0.014 and
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0.972±0.014 (0.983±0.016, 0.974±0.014, 0.944±0.009 and 0.930±0.015). Now we fit K =
a〈Npart〉b to these K values. a, b and the reduced χ2s of the fits are listed in the last two rows of
table 5. From the table, we see that for both pions and protons, the b value in Pb-Pb collisions
is larger than that in Au-Au collisions, which means that lnK increases with ln〈Npart〉 faster in
Pb-Pb collisions than in Au-Au collisions.
5. Conclusions
In this paper, we have shown that in the low pT region (pT ≤ 2.75, 3.10 and 2.35 GeV/c)
the pion, kaon and proton spectra at different centralities in Pb-Pb collisions at 2.76 TeV exhibit
a scaling behaviour. This scaling behaviour is presented when the spectra are expressed in the
suitable variable, z = pT/K. The scaling parameter K is determined by the QF method and its
logarithm value is proportional to ln〈Npart〉. The proportionality constants for pions and kaons
are consistent within uncertainties, while they are smaller than that for protons. In the high pT
region, due to the suppression of the spectra, a violation of the proposed scaling is observed
going from central to peripheral collisions. The more peripheral the collisions are, the more
clearly violated the proposed scaling becomes. We argue that the pions, kaons and protons
are produced by the fragmentation of clusters which are formed by strings overlapping and the
fragmentation functions are different for different hadrons. The scaling behaviour of the pion,
kaon and proton spectra in the low pT region can be explained by the colour string percolation
model in a qualitative way at the same time.
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